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Abstract 

We derive Bogomolny-type equations for the Abelian Higgs model 
defined on the noncommutative torus and discuss its vortex like solu¬ 
tions. To this end, we carefully analyze how periodic boundary condi¬ 
tions have to be handled in noncommutative space and discussed how 
vortex solutions are constructed. We also consider the extension to 
an (7(2) x (7(1) model, a simplified prototype of the noncommutative 
standard model. 
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1 Introduction 


Construction of noncommutative solitons and instantons has been a field of 
intense activity after the revival of held theories in noncommutative space, 
in connection with string theory and brane dynamics (see for example P] 
for references on this issue). Not only the noncommutative counterparts 
of vortices, monopoles and other localized solutions in ordinary space were 
constructed but regular stable solutions which become singular in the com¬ 
mutative limit were also discovered (see for example [2] for a complete list of 
references). Concerning static classical solutions of the Abelian Higgs model 
in the noncommutative plane, both BPS and non BPS vortices have been 
constructed and its moduli space studied in detail jS]. 

In the present work we consider vortex solutions in the Abelian Higgs 
model dehned on the noncommutative torus and then extend the analysis to 
the case of a. U{2) x U{1) symmetry. This is motivated by the fact that, in 
commutative space, one can hnd stable solutions that correspond to periodic 
arrays of vortices in theories with gauge held coupled to Higgs scalars. More¬ 
over, the analysis of such kind of arrays is equivalent to the study of models 
dehned on the torus. This fact has been exploited in the search of vortex 
solutions in the Salam-Weinberg model where the only stable solutions cor¬ 
respond to such type of arrays j3]. Hence our results can be seen as a hrst 
step along this line in its noncommutative version. 

Despite the fact that the 2 dimensional torus is one of the simplest ex¬ 
amples of noncommutative space, no discussion of the BPS equations and 
their solution for the Maxwell-Higgs model has been carried out. In this 
respect, our work hlls in this gap and also opens the possibility of studying 
non-Abelian extensions related to the noncommutative version of the Salam- 
Weinberg theory. Bogomolny equations for the Abelian Higgs model on a 
two dimensional torus have been hrst considered by Shah and Manton [S]. 
More recently, Gonzalez Arroyo and Ramos [B] have analyzed them in detail 
and presented a high precision approximation scheme. 

The paper is organized as follows: we introduce in section 2 the noncom¬ 
mutative torus T (and noncommutative parameter 6) and discuss periodicity 
conditions for gauge and matter helds. We show that consistency of gauge 
transformations and periodicity conditions naturally leads to the introduc¬ 
tion of a scaled torus T and a 6*-depending scaled gauge charge. Then, in 
section 3 we discuss the dynamics of the Maxwell-Higgs model showing that 
the role of the scaled torus becomes crucial in the dehnition of gauge invari- 
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ant expressions for the energy and magnetic flux as well as for the obtention 
of covariant BPS equations. We present a particular solution to these equa¬ 
tions and we also discuss the strategy to obtain general vortex like solutions, 
analogous to that leading to numerical solutions in the commutative torus 
[Hj. Finally, in section 4 we extend the discussion to the case of a f/(2) x 17(1) 
Lagrangian for which we also write the BPS equations and indicate how one 
should look for their solution. We leave for an Appendix the derivation of 
some results needed to implement periodic boundary conditions on the non- 
commutative torus. 


2 Gauge and matter fields on the noncom- 
mutative torus 

Let us consider noncommutative 2-1-1 dimensional space-time with coordi¬ 
nates satisfying 

[x,y]=ie, [x,t] = [y,t] = 0 (1) 

Our model will be dehned on a spatial torus T with periods (Li, L 2 ). 

We shall be interested in a 17(1) gauge theory with Higgs scalars 0 in the 
fundamental representation coupled to gauge helds Aj. The helds transform 
under the 17(1) gauge group according to 


A. - 

A(^) = V-^AiV + - 17-1 y 

(2) 


9 

$ - 

(|)T) = I /-1 $ 

(3) 


As in ordinary space, a scalar held on the noncommutative torus can be 
dehned as a function 0(a;, y) which is periodic up to gauge transformations. 
That is, 

((){x + Li,y) = Ui{x,y) (j){x,y) = 4 )^^\x,y) 

0(x, y +12) = U2ix, y) (j){x, y) = <f^ ' (x, y) (4) 

where 17i and U 2 are 17(1) gauge transformations. Concerning gauge helds, 
boundary conditions are 

Ai{x + Li,y) = \x,y) 

Ai{x,y + L2) = Af^ \x,y) 
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(5) 

( 6 ) 


Consistency of the precedent equations implies 

U2{x + Li, y) y) = Ui{x, y + L2) U2{x, y) ( 7 ) 

Note that eq. m coincides with the well-known consistency condition for the 
commutative torus (See for example [Zj and references therein). 

A particular solution to eq. m is 

f/i(a;,|/) = U2{x,y) = (8) 

where 

a; = — — a/1 -|- 2'K6k/LiL-^ , A; G Z (9) 

It should be noted that in the 6* —0 limit, solution dHD-© goes smoothly to 
the solution on the commutative torus. One can make easily contact between 
this result and the discussion in [H] on pure U{p) Yang-Mills theory on the 
noncommutative torus (in the particular p = 1 and zero’t Hooft twist case). 

Since Ui and U 2 are translation generators, then for any arbitrary function 
f{x,y) it holds that 

Ui{x, y) f{x, y) t/f ^(a:, y) = f{x -F TruLiO, y) 

U2{x, y) f{x, y) U2^{x, y) = f{x, y + 711x126) ( 10 ) 

Periodicity conditions 0 and the gauge transformation laws imply the 
following transformation laws for the transition functions under gauge trans¬ 
formations 

t/i(x,p) ^ U[{x,y) = V{x + L^,y)U^{x,y)V-\x,y) 

U2{x,y) ^ U'^{x,y) = V{x,y + L2)U2{x,y)V-\x,y) ( 11 ) 

Now, using property m we have 

U[{x, y) = V{x + Li, y) V~^{x + TrujliO, y) Ui{x, y) 

y) = V{x,y + L2) V~^{x, y -f 7 ra;L 26 ') U2{x, y) (12) 

Then, if the gauge transformation functions are periodic with periods 

~ I Pyr^ 

Li = sLi, s = {I-nujO) = \l +i = l,2 (13) 

V Z 1 L 2 
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the transition functions are invariant. Thus, we will restrict ourselves to 
gauge transformations satisfying this property. From now on, we shall call 
T the scaled torus with periods (Li,L 2 ). 

The boundary conditions (jHl) together with our choice of transitions func¬ 
tions (0 imply for the gauge held the following equations 

Ai{x + Li{l-TTu6),y) = Ai{x,y) 

Ai{x,y + 12(1 - 7tu} 6)) = Ai{x,y) - -7rujL2 

9 

A2(x + Li(l- 'Kuj6),y) = A2(x,y) + -tiojLi 

9 

A^{x,y + L2{1 -'ku 0)) = A2{x,y) ( 14 ) 

which have as a general solution, 

Ai{x,y) = Ai{x,y) + ai{x,y) ( 15 ) 

where Ai is a periodic function in the scaled torus T and is dehned as 

ai = feijX^ ( 16 ) 


with 




(17) 


The held strength F^j = diAj — djAi — ig [Ai, Aj\ can be written more con¬ 
veniently as 

1 


p.. = _ p.. + f.. 

Ij ‘^3 


where 


fij 


27rk 1 


9 L 1 L 2 


and 


Fij = diAj - djAi -ig[Ai, Aj] 

where we have introduced the scaled charge. 


(18) 


(19) 


( 20 ) 


9 = 


( 21 ) 
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and we have used that 


£ij[xj, ] =-iOdi ( 22 ) 

Let see how does the held A transforms under gauge transformations. 
Applying a gauge transformation to (USD we have 

A[ = v(^A + a,^V+'-VdiV-^ 

= vAiV + gfeijVAV-^ + -VdiV-^ (23) 

9 

But using (0^ we can rewrite the middle term as a derivative term plus a* 

A'. = V AiV-iefV diV-^ + ai + -V diV-^ 

9 

= V AiV + diV-^ + tti 

9 

= V AiV + -V diV-^ + ai (24) 

9 

Thus a gauge transformation on Ai is equivalent to a gauge transformation 
on Ai but with the scaled charge g (and the held a* untransformed). 

We can summarize these results by stating that a gauge theory on the 
noncommutative torus T and with non-trivial boundary conditions is 
equivalent to a gauge theory on the scaled noncommutative torus T, with 
periodic boundary conditions and with a scaled charge g. 

Let us now solve the boundary condition equations for the Higgs held. A 
held (p{x) satisfying the boundary conditions (jU with the transition functions 
given in equation (jHl), can be decomposed as 

4>{x,y) = (t)o{x,y)7]{x,y) (25) 

where cI)q{x, y) is an arbitrary function periodic in the scaled torus T and 
g{x,y) satisfy the same boundary conditions as ((){x,y). Then we just have 
to hnd a particular solution of 

T]{x + Li,y) = Ui{x, y) t]{x, y) 

V{x,y + L 2 ) = U2{x,y)ri{x,y) (26) 

Inspired in the commutative case [H] let us consider a function h{x,y) of the 
form 

h(a;, y) = , z = x + iy (27) 
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where {z , y} = zy + y z and a is determined by the condition 


h{x + Li,y) = Ui{x, y) h{x, y) 


_ ^i-KwLiy ^ia{z,y} 


Since [z, y] = i9, we can use the result of the appendix to obtain 


Ui{x,y) h{x,y) = e 


— Ja{z+c,y} 


c = 


OttojLi 
1 - 


Then, equation 


Now we compute 


is solved if we chose 

1 1 
a = log(l -TTw^) = -^logs 


_ -iTTwL2X ia{z,y} 


U 2 (x,y)h(x,y) = e 


( 28 ) 


(29) 


(30) 


(31) 


Using several times equations 
we get 


, (fTO and (uniD of the appendix 


U 2 (x,y) h(x,y) = ^ia{z+iL 2 ,y-L 2 } 

_ gfc7rL2/Li ^ia{z+iL2 ,y-L2} ^-i2'Kk zJLi 

= h{x, y + L 2 ) ^-i 2 ^kziL, ^ 32 ) 

(we used that ci; (1 — 71UJ9/2) = k/LiL 2 ). Then, ri{x,y) can be written as 

T]{x,y) = h{x,y)Q{x,y) (33) 

with Q{x,y) satisfying 


Q{x + Li,y) = e{x,y) 

0(X, y + L2)= ^-i2nkzlL, ^ 34 ^ 

In commutative space, a function that satishes (HMIl is given by a product of 
Riemann 9^ functions 

k 

^{x,y) = n ^3 + an)/Li\iLi/L 2 ) (35) 

n=l 
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where 


e^{z\T) = 

n 

and Qn are arbitrary complex numbers satisfying 

k 

^ ^ ®n 0 
n=l 

(the function Q{x,y) has k zeros at the points + (Li + iL 2 )/ 4 ). 

However, since the theta functions are only functions of one variable, we 
can replace the standard product with the noncommutative product, as they 
both coincide. Then, eq. (ESI) is the solution of (P|) in noncommutative 
space. Thus, 


(37) 


(36) 


k 

77 ( 0 ;,I/) = Jj6'3(7r(2; + an)/Li|7Li/L2) (38) 

n=l 

with 

a = -^ logs (39) 

In the limit 6 ^ —> 0 this function coincides with the one obtained in the 
commutative case (see [H]). For the special case of /c = 1 we have 

77(a;,7/) =e*“^^’">03(vr^/Li|zLi/L2) (40) 

In order to discuss the dynamics through the introduction of the action 
and the energy of our model, we have to dehne an appropriate trace (or 
integral) on the noncommutative torus. Calling A 0 the space of functions 
dehned on T, a generic periodic function /(a;, y) can be written in the form 


f{x,y) = ^fmnexp 

m,n 



exp 



(41) 


and then one can formally dehne integration in Ag, which we shall call trace 
Tr, as follows 

Tr/(a:,7/) = /ooTiL2 (42) 

which in turns dehnes an integral over T. This operation satishes TT{fg) = 
TT{gf ) and reduces in the commutative limit to the standard integral on T. 


We have defined in ( 021 ) the integration in the noncommutative torus of 
strictly periodic functions f{x, y). However the definition has to be corrected 
when the integrand satisfies twisted boundary conditions We discuss 

this issue in detail in Appendix 3 and here give a brief summary. Consider 
a function f{x,y) that satisfies twisted boundary conditions in the adjoint 
section (as it is the case of F^j for example) 

fix + Li, y) = Uiix, y)/{x, y) f/f y) 

fix, y + L 2 ) = U 2 ix, y) fix, y) U^^ix, y) (43) 

Then, using m we see that fix, y) is in fact periodic in the scaled torus T. 
So the natural integration measure for the function fix,y) is on the scaled 
torus T, that is 

( 44 ) 

It can be shown that this definition is crucial if we want to preserve the 
cyclic property of the integral (trace) which is essential in order to derive the 
equations of motion. Consider for example two functions 0i(a;) and 02((?) 
that have nontrivial boundary conditions 

(t)iix + Li,y) = Uiix, y) 0i(a:, y) 

(t>iix,y + L 2 ) = U 2 ix,y)(t)iix,y) , i = l,2 (45) 

Then the product 

01 (f) 4(f) (46) 

is strictly periodic in the torus T, but the transpose product, 

0|(f)0i(f) (47) 

satisfy nontrivial boundary conditions in the adjoint, so it is periodic in the 
scaled torus T. Nonetheless, as we show in the appendix, the cyclic property 
of the integral is still valid provided we integrate the first function in T and 
the second one in T 

Trr [fiix) 0^(f)) = Tr^ (^4(^) 0i(^)) (48) 

That is, the cyclic property is preserved with the above definition. 
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3 The Maxwell-Higgs model 

We shall consider here a 17(1) gauge held coupled to a Higgs scalar dehned 
on the noncommutative torus. Dynamics of the model is governed by the 
Lagrangian 


L = -\ {D^^) - A - 02)2 ( 49 ) 

We are interested in static conhgurations so that the energy can be written 
in the form^ 


E = Tr Q F,,F,, + (A<h)^ (A$) + A (<h^<h - 0 ^) 2 ^ ( 59 ) 

Here A'h = di^—igAi $ is the covariant derivative and A is the electromag¬ 
netic tensor. Notice that, via the covariant derivative, we are choosing for 
dehniteness a Higgs-gauge coupling which corresponds to the fundamental 
representation (other choices are possible). 

As in the commutative case, the energy can be rewritten using the Bogo- 
molny trick as, 

E =Tr Q |A<h - ^7 A ^ (A - 71? a(® + 

^A - <h - 0 o)^ - 7 I 00 Pij + total derivative^ 

(51) 


where 7 = ±1 

The BPS equation corresponding to a bound of the energy when A = i?2/2, 

E > -7|0oTrr£pA (52) 

^In this expression we are mixing covariantly periodic terms {FijFij) with strictly 
periodic terms, (Wd>) and (d’A — 0o)^)) according to the previous discussion 

on integration, the integrals has to be defined in their appropriate domains. Note however, 
that we can convert the periodic terms into covariantly periodic ones by using property 
and thus, the whole Lagrangian or energy have to be integrated in the same domain, 
the scaled torus T. 
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then read, 


— *7 Eij Dj^ = 0 (53) 

Fij - ^ g Eiji^ - (j)l) = 0 (54) 


Setting for definiteness 7 = — 1 and using we can write the BPS 

equations as 



(55) 


Dii + ^<s> z = 0 (66) 

where z = x + iy. 

Since the fields A are periodic in the scaled torus T, the total flux of Fij 
on T vanishes (see equation dH) and then we have 


$ = Tr^ Fi 2 = Tr^ /12 


2'Kk 
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Bogomolny equations dsnii-dsni) have the particular solution 


(57) 


^ ^ 0 


(58) 


provided the area of the torus and the Higgs vev are related according to 



2'Kk 


(59) 


In the 0 —> 0 commutative limit this solution reproduces the so called Brad- 
low solution dH on the torus. Moreover, as in the commutative case |], 
solution (di-dsni) could then be used as a starting point to obtain new solu¬ 
tions with non-vanishing A and $, by an appropriate expansion. 

In order to search for general solutions to eqs. (jsnii-dsni) it will be conve¬ 
nient to parametrize the fields as 


i.- 


+ Al 

9 


(60) 




(61) 
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where M is a complex (non unitary) function periodic in T, is a constant 
field, and y has the same periodicity as <h. The BPS equation (jSSl) then 
becomes, 

dsX - + ^X z = 0 (62) 

As we showed previously in equation (i2nD, the function y can be factorized 
as 

x{x,y) =Xo{x,y)v{x,y) (63) 

where rj carries the non trivial boundary conditions (see eq. dSHD) and xo is 
periodic in T. Replacing (insD in (ins) we get 


(^ 2 X 0 - igAlxo^ V + Xo (d^r] + ^ =0 (64) 

To compute we hrst use equations (ITO and (unzD of the appendix to 
rewrite 

y{x, y) = 0(z) (65) 

where 0, given in equation (insi), in only function of Thus the problem 
reduces to compute the derivative with respect to ^ of Using that 

dz = ^ ] ( 66 ) 

and that [z, z] = 26 we can show that 




nuj 


^-a{z,z} 


Z 


(67) 


and then the second term of equation dMD vanishes. So, the BPS equation 
dini) reduces to 

dzXo - igY^zXo = 0 ( 68 ) 

with solution 

Xo = N (69) 


where is a normalization factor. Periodicity of xo requires that has the 
form 


g VTi L2 

with integers hq y mo. In commutative space this particular form of Ao is a 
pure gauge and thus can be simply gauged away. In noncommutative space 
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this is also the case with the proviso that the gauge transformation will also 
transform the non-trivial part of the field A (equation (lti()|l i. However the ef¬ 
fect of the transformation will be only a shift in the coordinates of the helds. 
So, without losing generality we can make mo = uq = 0. 

Concerning the BPS equation eq. dsni), one has hrst to write the held F 12 
in terms of the variables M dehned in eq. PH) . Clearly the gauge invariant 
variables are to be dehned from the combination 


H = MM* 


(71) 


SO that one should be able to write the Bogomolny equations in terms of H. 
Since F 12 is not gauge invariant but covariant, one can not write it only in 
terms of i/; indeed a straightforward computation gives 


h-z = H d, {H-^d,H) Mt-I (72) 

9 

Substituting this expression, and that for $ given by eq. p[|) in the Bogo¬ 
molny equation leads to 

H8, = i 9 = (x x* - i4H) (73) 

where y is given in equations (El-dZOI) and 




2nk 

7^2 


(74) 


In order to make further progress to hnd solutions of eq. (US} one has in 
principle to resort to numerical techniques as it is already the cased for 
6 = 0 . 


4 Non Abelian extension and discussion 

It should be possible to extend most of our results to the case of (appropriate) 
non Abelian gauge groups. As it is well known, consistency of noncommuta- 
tive theories requires to work with U{N) groups and not SU{N) ^21- One 
can then consider a f/(2) x U{1) model as a hrst step in the study of vortex 
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solutions in a noncommutative version of the standard model, along the lines 
of Ref. j3] for the commutative case. 

Consider then the energy for static conhgurations, 

E = Trr f M-'y) + i ir(SySy) + {D,<S>) + A (<**<* - 4,l)A 

(75) 

where the U{2) gauge helds are dehned as 

Wi = W;^X\ A° = ^ J, ^ (76) 

Bi is a U{1) gauge held, $ is a Higgs held in the fundamental representation 
of U (2) and the covariant derivatives and held strengths are dehned as 

Di^ = di^-igWi^+ (77) 


IV,, = diW, - d,W, + ig[Wi, H(,], B„ = d,Bj - d,B, + tg'[B,, B,] (78) 

Notice that the covariant derivative is dehned so that it acts from the left for 
the U{2) group and from the right for the U{1) one. The appropriate way 
to write perfect a square a la Bogomolny for the Higgs covariant derivative 
is in this case 

lA'f’P = \Di^+ 

+ divergence (79) 

leading to the following expression for the energy: 

E = 1 V (i |Di<* - !7 ey + i tr (w'y - 75 |<s 

4 (^ij + 7 ^ £y By + 

(a - ^ 4 - ^ 0 )^ - (^ + ^(1 - y)) 4* 4 4>l+ 

(^4^(1-/))^S) (80) 
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Then, if we choose 



(81) 


the energy is bounded as 


E > -y g' 


(82) 


where is the flux of the B field and A is the area of the torus. 

The bound is attained when the following BPS equations are satished, 


(83) 

(84) 

(85) 


Di^ — *7 Sij Dj^ = 0 


£y (S*S - g-il>l) = 0 


As in the commutative space case mini, the bound has a topological com¬ 
ponent, proportional to the B flux and a geometrical part, proportional to 
the area of the torus. The non-commutative nature of space and the extra 
17(1) factor associated to the 17(2) group renders nevertheless, the analysis 
of the solutions of these equations considerably more involved. 

Let us end our work by summarizing our main results. We have analyzed 
periodic conhgurations of matter and gauge helds in non commutative space. 
We have discussed in detail how as a result of coordinate non commutativity, 
the region of periodicity of gauge invariant and gauge covariant quantities 
may differ, a property that has to be kept in mind in order to obtain consis¬ 
tent results. In this work, we have focussed mainly in the Abelian Maxwell 
Higgs model, where we have been able to obtain BPS equations whose vor¬ 
tex solutions also solve the Euler Lagrange equations. We have presented a 
particular solution to these equations which, in the 6* —0 commutative limit 
corresponds the Bradlow solution on the commutative torus. In the general 
case, we were able to reduce the problem of the two coupled BPS equation 
to that of equation dZi, which in principle should be solved using numerical 
techniques, as it is the case for the commutative torus [B]. 

We believe that the generalization to non-Abelian models will not present 
major difficulties. As a particular example and as a hrst step in this direction, 
we have shown how the BPS equations of a 17(2) xf/(l), a simplihed version of 
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the Standard Model in non commutative space, are obtained. Of course, the 
noncommutative character both of the space and the gauge group makes the 
obtention of explicit solutions much more complicated but a more detailed 
analysis should reveal the existence of Z-vortex arrays (possibly with the 
presence of charged mesons condensates) as it is the case in ordinary space 
|1]. We hope to report on this issues in a future publication. 
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Appendix 

A useful result 

We prove here a helpful result that was used extensively throughout the 
paper: 

Lemma: Let A and B be two operators such that [A, B] = ipA where fi is 
an arbitrary constant, then 


where 


^iA _ ^i(f{y)A+B) 



( 86 ) 

(87) 


Proof: We write 


= e‘° 


( 88 ) 


First we notice that a quick look at the Campbell-Baker-Hausdorff formula 


a^b _ A+B+AA,B]+Ma,[A,B]]+[B,[B,A]])+- 


e e = e 


(89) 


reveals that C must be of the form 


C = f(,i)A + B 


(90) 


since any arbitrary nested commutator with [A, B] will give, either zero or 
something proportional to A. So the problem reduces to hud the function 

fih)- 

Consider now the function 


U{s) 




we have that 


But 


ds 


[A + UBU-^) 


= B + is[A,B] 
= B — spA 


(91) 

(92) 


(93) 
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since higher order commutators va ni sh. Thus we have 



—— = i {{1 — s ji) A + B) U 
ds 

(94) 

Now we write according to and (IHIH) 


Uis] 

) , C{s) = s{f{sfi)A + B) 

(96) 

We have 

dU ^ dC{sf 
ds n\ ds 

n=0 

(96) 

but 



dC{s] 

ds 

A dC{s) 

p=0 



= n C{s) + C^-P (97) 

p=0 

Now we notice that 


C'(s)7l = 7lC'(s) + [C(s),7l] 

= A {C{s) — i s fx) (98) 

and applying successively this result we have 

C{syA = A{C{s)-isfxf (99) 

Replacing this result back in (inzD and then in 0 we get 

rlU °° 

_ = z s-i C{s) U + /i/'(s/i) A^—^ (C'(s) - is Ilf C{sf-P-^ (100) 

n=0 P=0 

The sum in p is a geometric sum, so it can be easily performed. It gives 

n—1 

^ {C{s) -isfif C{sf-P-^ = (z s fi)-^ {C{sf - {C{s) - t s fif) (101) 

p=0 
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and substituting this result in (unni) we get 


dJJ ^ ^ 7^ 

— = Z g-i c{s) U + fifi-s/j,) ^ ^ s (C('S)" - (C'('S) - i S /i)”) 

n=0 

= i s-^ C{s) U - i s-V'(s/r) A 

= z((f-f(l-e^n)A + B) U (102) 


Finally, comparing this equation with dni) we have the following differential 
equation for / 

/_/'(l_e^/^) = l-sp (103) 

The solution (with the initial condition /(O) = 1, as can be deduced from 
the series expansion of (ED) is 


and evaluating in s = 1 we get the desired result. 

Taking the inverse of expression ()80|1 (and rescaling the helds and /i) we have 
the equivalent result: 






h 

1 — e“^ 


Similarly we can prove, 

gi(A+B) _ ^ih(g)A ^iB 



and 


In all cases 


^i(A+B) _ ^iB ^ik{g)A 


1 - 

k{^^) = - 


[A, B] = ijiA 


(105) 


(106) 


(107) 

(108) 


Cyclic property of the integral 

We will show below that the cyclic property of the integral is valid whenever 
one dehnes the integration on the appropriate torus. 
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First, from the definition of the integration on the torus, it is straightfor¬ 
ward to see that for strictly periodic functions f{x,y) and g{x,y), the cyclic 
property holds 

j f9 = j gf (109) 

Consider now two functions (f)i{x, y) and 02(a:, y) satisfying the non-trivial 
periodic conditions 

(t)i{x + Li,y) = Ui{x, y) 0i(a;, y) 

(t)i{x,y + L 2 ) = U2{x,y)(l)i{x,y) , i = l,2 (110) 

The product 

wi{x,y) = (l)\{x,y)(t)2{x,y) ( 111 ) 

is periodic on the torus T. On the other hand the reversed product 

W2{x,y) = (t)2{x,y)(t)\{x,y) ( 112 ) 

is periodic in the scaled torus T (P|) . Thus, following the dehnition of 

integral on the noncommutative torus, Wi must be integrated on T and W 2 

on T. We will show that this dehnition satishes 


wi{x,y)= / W2{x,y) 


'T 


>r 


(113) 


Let us consider, for simplicity, the case k = 1. As we showed previously, the 
functions 0i and 02 can be decomposed as 


01 (x,?/) = (t)\{x,y)ri{x,y) 

(t)2{x,y) = (t)l{x,y)r]{x,y) (114) 

where 0°(a;, y) , i = 1,2 are periodic in T and 

//(a;,?/) = (7r2;/Li|iLi/L2) , Q; = -^logs (115) 

Then 

wi{x, y) = ri\x, y) 0 ?'^(a;, y) 02 (x, y) y{x, y) 

W 2 {x, y) = 0^(a;, y) y{x, y)ri\x, y) 0°^(a;, y) (116) 
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Consider first the integral 


Ii = I 'Wi(x,y)= I ri<(x,y)<l>[‘'(x,y)<j>l(x,y)ri(x,y) 


(117) 


/r 


'T 


Since y) y) is periodic in T, without loss of generality we can 

replace it by 


^2^{nx/L,+my/L2) ^ 71, m G Z 

Consider now the product 

7 ( 0 :, y) = 7 '*'(x, y) 

It can be easily shown that for any function f{x,y) 

f(x,y) ei 2 ’'("®/ii+’"»/fa) = j,( 2 »(nA)/i,+m»/L,) /(j, - J, + (j) 


(118) 


(119) 


( 120 ) 


where 


ti = 27rm6/L2 , ^2 = 27rn6/Li 


( 121 ) 


Thus 

7 ( 1 . a) = 71 ( 3 ; _ „ + i,) y) 

-EE ^2-n{nxIL\+m,yjh-Ej g—7rL2/-i'lP^+*27rp(2—7i—it2)/^l ^ 
P q 

^-ia{z-ti-it2 ,y+t2} ^ia{z,y} ^-■iTL2/Liq^+i2iTq{z-ti+it2)/Li 


( 122 ) 


Next we have to expand this expression in Fourier modes 

y{x, y) = Y. Z„ (123) 

p,q 

and keep the coefficient 700 - Using several times the identities (jSSl), 
ffTO . and (unzD, and after a straightforward but long computation, we get 


if m is even 


7oo — 


s if 777 is odd 


(124) 
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Then 


h = j 'y{x,y) = LiL 2 'Joo (125) 

Now consider the integral 

h= W2{x,y)= / (j)l{x,y)ri{x,y)ri\x,y)(j)[\x,y) (126) 


IT 


IT 


Since the product ri{x, y) r]\x^ y) is periodic in the torus T, as well as (j)i\x, y) 
and 02 (^) 2/)) we can rewrite I 2 as 


i2= 


(127) 


IT 


and again replace (pi\x,y) (p^ix^y) by e*27r(na:/Zi+my/L2)_ 

First we compute 

y{x,y) y\x,y) = EE gi«{2,j/} g-7rL2/iip^+*27rp2/Li 


X 


P <1 

g- 7 rL 2 /-I'ig^+i 27 rg 2 /Li ^-ia{z,y} 


(128) 

After another long computation, using the identities (PI). (uniD, (unni), and 
(unzD , we can write 

y{x, y) y\x, y) = V 2 L 1 /L 2 ^ 2 .{px/U+ 2 qy/L 2 ) 

p,q 

(129) 

Thus, hoo, Ihe (0, 0) Fourier mode of the product 

(5(X, y) = e*27r(Wbl Wh2) 

is given by 

0 if m is even 

(131) 

s-‘ V2L,/Lae-'"()I™'if m is odd 

Notice that ^oo differs from 700 in a factor which precisely the relation 
between the area of the two torus. The integral is 


^00 — 


I2— W2{x,y) — L1L260Q — L1L2 6i 


00 


IT 


So 


It 


<l>\(^,y)<l> 2 (x,y) = / Mx,y)<!>\(x,y) 


(132) 

(133) 


IT 
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